Experiments on the formation of magnesium complexes in 4 He nanodroplets were interpreted as the observation of the formation of weakly bound magnesium complexes. We present results for single Mg and Mg dimer solvation using the hypernetted chain / Euler-Lagrange method as well as path integral Monte Carlo simulations. We find that the phonon-mediated, indirect MgMg interaction adds an oscillatory component to the direct Mg-Mg interaction. We undertake a step-by-step examination of the ingredients of the calculation of the phonon-induced interaction, comparing the results of semi-analytic HNC-EL calculations for bulk and single impurity results with experiments as well as Monte Carlo data. We do not find evidence for a sufficiently strong secondary minimum in the effective Mg-Mg interaction to support a metastable state.
I. INTRODUCTION
Experiments by Przystawik et al. 1 on the formation of magnesium complexes in 4 He nanodroplets were interpreted as the observation of the formation of weakly bound magnesium complexes, dubbed "bubble foam", which collapsed to form dense Mg clusters upon laser excitation. In the same work, as well as in Ref. 2 , calculations based on a density functional theory (DFT) for helium found that the effective interaction potential between two
Mg atoms has a local minimum at a separation of about 10Åand 2-3 K deep. The presence of such a minimum would support the interpretation that indeed a weakly bound "bubble foam" can form in helium where Mg atoms are separated from each other by a layer of 4 He atoms. The mean lifetime of a metastable dimer state was, however, estimated to be many orders of magnitude too short to explain the experiment. Such a predicted dimer could only in a highly excited rotational state be stable on the time scale of the experiment.
We examine in this work the effective interaction potential between two Mg atoms solvated in 4 He using both a semi-analytic approach based on optimized pair and triplet correlations quantum Monte Carlo simulations. We expect that, if weakly bound Mg dimers can form, this would be a local effect and not be affected by the presence of the droplet surface.
That means that such an effect would be observable in small and large 4 He droplets as well as in bulk 4 He. To determine if such a bound state can exist, we perform calculations of Mg impurities in bulk 4 He using the hypernetted chain / Euler-Lagrange (HNC-EL) method.
HNC-EL yields the effective potential V eff (r) felt by two Mg atoms inside helium which consist of the bare interaction and an oscillatory induced potential mediated by phonons in the surrounding He. We show that these oscillations are not strong enough to lead to pronounced secondary minima of V eff(r) . We have carefully examined hydrodynamic consistency of all ingredients, and the importance of so-called elementary diagrams and triplet correlations and find these negligible at distances where a metastable state would exist.
As far as computationally efficient, we compare our HNC-EL results for single Mg in bulk helium with corresponding path integral Monte Carlo (PIMC) simulations where we found excellent agreement. Furthermore we have performed simulations of Mg dimers and trimers in small droplets of up to 100 4 He atoms. Again, we did not observe the formation of weakly bound Mg complexes but instead observed a swift equilibration to the ground state.
II. METHODOLOGY
In this work we employ two complementary methods, a semi-analytic approach using diagrammatic quantum many-body theory, and a computational approach using quantum Monte Carlo simulation. Both methods employ the full many-body Hamiltonian of N 4 He atoms (indexed by Latin subscripts) and one or more Mg impurities (indexed by Greek subscripts) A. Hypernetted-chain Euler-Lagrange
4 He background calculation
The Hypernetted chain/Euler-Lagrange method is a well established fast and accurate method for calculating properties of strongly interacting quantum fluids. The method has been described in numerous review articles and pedagogical material, see, for example, Ref.
8. The wave function is expanded in a Jastrow-Feenberg form in terms of multiparticle correlation functions u n (r 1 , . . . , r n ), truncation at n = 3 is normally sufficient.
The correlation functions u n (r 1 , . . . , r n ) are determined by minimization of the energy-
The energy expectation value and other physically relevant quantities are calculated by diagrammatic expansions. The hierarchy of "hypernetted chain" integral equations provides a scheme that is, at every level of implementation, consistent with the optimization problem (3) in the sense that the resulting pair distribution and structure functions reproduce qualitatively the properties of the solution of the exact variational problem.
For the problem at hand, we only need the static structure function S(k) for bulk helium.
For long wavelengths, the static structure function goes as
where c is the speed of sound obtained from a theory of excitations or from the equation of
The c obtained from the equation of state will normally be different from the speed of sound obtained from the slope of S(q), in fact these two quantities agree only in an exact theory. However, the inconsistency is weak and can be repaired by a slight phenomenological modification of the Euler equation for the triplet correlation function which has no visible consequences on the equation of state 9 .
Singe impurity calculation
In the next step, the impurity is included. The wave function of the compound system is
The chemical potential of the impurity is the energy gained or lost by adding one impurity particle into the liquid, in other words it equals to the energy difference
and the Euler equation are derived by minimizing the impurity chemical potential. Results are again the energetics as well as structure and distribution functions.
There is again a hydrodynamic consistency condition between the long wavelength limit of the static structure function and the density dependence of the chemical potential: The long wavelength limit of the impurity-background ("IB") structure function is
where α is the volume excess factor
The volume excess factor α can be calculated from S IB (0+) and from the density dependence of the impurity binding energy. Again, the long wavelength limit (8) and the hydrodynamic derivative (9) agree only in an exact theory. By the same slight phenomenological modification of the three-body correlation function that enforces the consistency between the speed of sound obtained by Eqs. (4) and (5) and does not affect the impurity binding energy visibly, the two quantities can be made consistent.
Impurity-impurity interaction
In the case of two impurities, located at r 0 and r ′ 0 , the wave function is
The situation for the two impurity case differs from the above ones because the wave function (10) can only lead to an effective impurity-impurity potential determining the impurity-
. This is exactly the quantity we want because it gives us the information on the configuration. Its form has, in HNC approximation, been first derived by Owen 11 ; adding "elementary diagram" and "triplet correlation" corrections, the effective interaction is
where V (II) (r) is the bare interaction between the two impurities, V e (r) the correction from "elementary" diagrams and triplets, and w ind (r) is the induced interaction originating from phonon exchange and higher-order processes. The induced potential can depend only on background and single-impurity quantities. The "elementary diagram" correction is calculated within the usual diagrammatic expansion methods 12 . The induced potential from triplet calculations is new; it is best calculated taking the two-impurity limit of the mixture theory 13 . Since triplet correlations turn out to cause a negligible correction we refrain from giving the somewhat tedious derivation.
Jastrow-Feenberg theory provides a prescription for calculating the induced Mg-Mg potential mediated by the density fluctuations in the He liquid, i.e. phonon exchange
One can interpret this term from linear response theory: The full interaction between two Mg atoms is strictly speaking energy dependent, it is the sum of the induced and the bare interaction,
and χ(k, ω) is the density-density response function of bulk helium, V IB ph is the particle-hole potential, andṼ e (k) consists of contributions from triplets and elementary diagrams. The HNC-EL result is obtained by taking the density-density response function at an average imaginary frequency 14 that is chosen according to the localization rules of parquet-diagram theory [15] [16] [17] [18] .
If one looks at the phonon exchange of weakly bound pairs of Mg atoms, one might therefore argue that it is better to take ω = 0 which leads to a slightly different effective
We will see, however, that there is little difference between the predictions of these two procedures for calculating the induced interaction.
B. Path integral Monte Carlo
Path integral Monte Carlo (PIMC) exploits the isomorphism between quantum theory and a classical system of closed polymer chains 19, 20 
In the above equation, (r 0 , . . . , r M ) is a discretized path in imaginary time. For sufficiently small τ , ρ(r 0 , r 1 ; τ ) can be approximated in various ways; here we use the pair density approximation 22 . If only averages of diagonal operators are required (such as energy or density distributions), we set r M = r 0 . Finally, Bose symmetry is implemented by symmetrization of the density matrix
which corresponds to reconnecting the imaginary time paths to form larger chains. For a detailed review of the PIMC method for bosons see Ref. 22 , for the application to dopants in 4 He clusters see Ref. 23, 24 . Bulk simulations are implemented by invoking periodic boundary conditions. We put 256 4 He atoms together with the Mg atom in a cubic simulation box of the side length L which is determined by the condition that the pair density ρ IB (r)/ρ I approaches the equilibrium density of bulk 4 He, ρ = 0.02186Å −3 , for large distance r. Due to the periodic boundary conditions, the maximal distance is typically L/2 ≈ 11Å, which
is not large enough that ρ IB (r)/ρ I can be considered constant. Therefore the choice of L is somewhat ambiguous. This leads to some uncertainty in the energy calculation to be discussed below. The Mg-He interaction is quite weak, it has therefore been suggested that Mg is not solvated inside a He cluster but might be the cluster surface. In a careful study using diffusion Monte Carlo, Mella et al. 26 indeed showed that the energetic balance for Mg is very delicate, and the solvation structure indeed depends on the details of the Mg-He interaction.
For the potential used in this work 5 , Mella et al. predicted that the Mg resides inside 4 He N clusters at T = 0, if N is larger than N crit ≈ 25. DFT calculations gave similar results 2 .
We have performed PIMC simulations of a single Mg impurity in 4 He clusters mainly to confirm or refute this prediction for T > 0. We have chosen T = 0.31K and T = 0.62K, while
He droplets produced in experiment have an estimated temperature of about T = 0.3−0.4K.
In the left panel of Fig. 4 we show the Mg density ρ I (r) with respect to the center of mass of the 4 He N cluster. The probability density for Mg situated at distance r from the center mass 
C. HNC-EL for the dimer interaction
The key result of our calculations is the effective interaction (11). Figs. 5 and 6 show the HNC-EL results for the effective interaction, using the two versions (12) and (15) The results of both versions of the induced interaction are practically identical, the version using the zero-frequency response function is only slightly more repulsive. We see in both cases two slight local maxima at distances of about 12Å and 14.4Å. However these maxima are much too weak to permit a metastable loosely bound state at large distances. We have also calculated the bound state energies of the Mg dimer; there is no evidence for an increased density of states in the energy regime where the effective potential becomes oscillatory.
D. PIMC simulation of Mg dimers
We have also performed PIMC simulations for a Mg dimer surrounded by a cluster of either 100 or 200 4 He atoms at a temperature of T = 0.31K, which is on the low end of the estimated temperature of 4 He droplets, T = 0.3 −0.4K, in typical experimental conditions 27 .
Already such a small 4 He droplet might be able to form a "protective" (15), in Fig.  6 shows that, at least for the HNC-EL induced interaction, the mass of Mg has only a small influence.
The energy E(r) is shown in Fig. 8 In Fig. 9 , we add the bare Mg-Mg interaction to V ind (r) to obtain the full interaction V eff (r)
felt by a pair of Mg atoms. The tenuous local minimum of the He-induced interaction clearly has a barrier much too small to survive when the bare Mg-Mg interaction is added.
In stage (iii ) in our PIMC investigation, we finally turn on the bare Mg-Mg interaction. 
IV. CONCLUSION
The main goal of our work was to investigate the effective potential barrier with two alternative and manifestly microscopic methods theoretical methods. We have used the variational HNC-EL method, based on Jastrow-Feenberg wave functions which include correlations between He atoms and between He and the molecule, which are absent in DFT.
Due to the increased complexity due to correlations we have restricted ourselves to Mg atoms in bulk 4 He. Additionally, we used PIMC to simulate Mg atoms in bulk 4 He and in small droplets of 4 He. We found very good agreement of the solvation structure around an Mg atoms, described by the static structure function. We also confirmed that Mg atoms reside inside He sufficiently large droplets, but only barely -slightly elevating the temperature leads to significant population of surface states. The most severe potential inaccuracy of the Born-Oppenheimer approximation is, however not because of the mass of the Mg atoms as discussed above, but due to the dynamic coupling of the zero-point motion of the dimer to the surrounding helium through hydrodynamic backflow. In fact, one would expect that this backflow effect is different dependent on whether the dimer is in an excited state or in the ground state. A quantitative assessment of the effect is very difficult and the theoretical tools are presently not available. We have therefore estimated the effective mass using the methods of Ref. opposed to bulk He). Thus, using two completely different methods, we find no evidence for a metastable Mg "bubble foam" in helium. We did not consider the effects of an angular momentum barrier, since its hard to argue how a spinning Mg dimer would not decay on a time scale of µs, and how to construct an angular momentum barrier for "bubble foam" made of many Mg atoms. There is the possibility that metastable Mg clusters beyond dimers are stable, but at least for Mg trimers our PIMC simulations seem to rule that out.
Since spectroscopic experiments of Mg clusters in 4 He droplets were interpreted as evidence of a meta-stable "bubble foam" of Mg atoms in the helium matrix 1 , a conclusive theoretical understanding of these spectra is still missing.
